Starting from the original concept proposed by Carter, Howard and Fast, this paper reviews the description of fracturing fluid leakoff in view of modeling flow in porous media. It is shown how various linear leakoff models have been developed and why a new, radial leakoff concept is necessary for high-permeability fracturing, where the injection time is commensurable to the response time of the reservoir. Using Laplace space methods, the new radial leakoff law is calculated and compared to linear leakoff. For comparison purposes a calibration test executed in high-permeability formation is interpreted using several approaches, namely: linear leakoffϩbulk leakoff coefficient; filtercake resistanceϩlinear flow in the formation and finally, filtercake resistanceϩradial flow in the formation.
Introduction
The polymer content of the fracturing fluid is partly intended to impede the loss of fluid. The phenomenon is envisioned as a continuous buildup of a thin layer ͑the filter cake͒ which manifests a resistance to flow through the fracture face. For one of the latest reviews see McGowen and Vitthal.
1 During fracturing, the actual leakoff is determined by a coupled system, of which the filter cake is only one element. The other two important elements are the region invaded by the polymer and/or filtrate and the bulk reservoir itself, containing the original ͑slightly compressible͒ reservoir fluid. This work concentrates on the aspect of fluid leakoff which is connected with the bulk reservoir. The methods used are borrowed from the literature on flow in porous media.
As usual, we assume that the two wings of a vertical fracture are identical. For modeling purposes we will deal only with one wing. All our variables, including injection rate, i, injected volume, V i , fracture volume, V, refer to one wing. ͑If we want to refer to total injection rate, we write 2i.͒ By the fracture surface, A, we mean the area of one face of one wing. All these variables may refer to a given time, t, during the treatment. It is important to make a clear distinction between the values of the above variables at any time, t, and at the end of pumping, i.e., at time t e . We will use the subscript e if we wish to emphasize that a given value corresponds to the end of pumping. Fig. 1 shows the basic notation on an example of radial fracture.
Fluid efficiency, is defined as the fraction of the fluid remaining in the fracture: ϭV/V i . As any other state variable it might vary with time. The average width, w , is defined by the relation VϭAw . The difference of injected and contained volume is the lost volume. The leakoff rate, q L , defined here as the volume leaving one wing in unit time, can be calculated from an appropriate leakoff model.
Often we assume that the fracture is contained in the permeable layer. Then the whole fracture surface takes part in the leakoff process. If we know the height of the permeable layer, h p , we can be more rigorous in taking into account only the actual leakoff surface. Fig. 2 shows how we calculate the ratio of the leakoff surface to the total surface for radial geometry. The ratio, r p , is unity for a fracture contained perfectly in the permeable layer and is less than unity if the fracture grows out from the permeable layer. In the case of rectangular fracture shape, r p is the ratio of the ''net'' height to the ''gross'' height. The factor is easily incorporated into the derivations, but in the following we do not show r p to increase the readability of the equations.
Previous Work
Carter Leakoff Model. A fruitful approximation dating back to Carter, Howard and Fast 2 considers the combined effect of the different phenomena as a material property. According to this concept, the leakoff velocity, u L , is given by the Carter equation
where C L is the leakoff coefficient and t is the time elapsed since the start of the leakoff process. The integrated form of the Carter equation is
where V Lost is the fluid volume that passes through the surface A L during the time period from time zero to time t. The integration constant, S p , is called the spurt loss coefficient and is measured in meters. The term S p can be considered as the width of the fluid body passing through the surface at the very beginning of the leakoff process and the term 2C L ͱt is the additional width added to it afterwards, up to time t.
Formal Material Balance Within the Framework of Carter
Leakoff. The Carter leakoff model can be visualized as if a given surface element ''remembered'' when it had been opened to fluid loss. Every element has its own ''zero'' time which might vary from location to location on a fracture surface. The application of the model necessitates the tracking of the opening time of the different fracture face elements. The overall volume leaking off from a fracture depends on the time elapsed from the creation of the first element of the surface, on the amount of surface created and also on the distribution of the opening time along the surface. If only the overall material balance is considered, it is natural to use the formalism of the integrated Carter equation
where A is the surface area of one face of one wing, time is measured from the opening of the very first element and the variable K L is the opening-time distribution factor. It is defined as the ratio of the leaked-off volume to the quantity (2AC L ͱt), i.e.,
and its value depends on the history of the evolution of the fracture surface, or rather on the distribution of the opening time. In particular, if all fracture surface is opened right at the start of injection, then K L is exactly 2. In any other case it is less than 2. The fluid efficiency can be written as the ratio of the average width to the ''would-be width''
showing clearly that the term 2K L C L ͱt is the leakoff width while 2S p is the spurt width. Their sum is the lost width, w L .
Constant Width Approximation.
In order to obtain an analytical solution for constant injection rate, Carter considered a hypothetical case when the fracture width remains constant during the fracture propagation ͑the width ''jumps'' to its final value in the first instant of pumping.͒ Then a closed form expression can be given for the fluid efficiency in terms of the two leakoff parameters and the width
where erfc is the complementary error function and
We refer to Eq. ͑6͒ as the Carter II equation. A simple rearrangement of Eq. ͑5͒ yields the Carter form of the opening-time distribution factor as
where e is given by Eq. ͑6͒.
Power Law Surface Growth Assumption. Nolte 3 postulated another assumption leading to a remarkably simple form of the material balance. He considered the constant injection rate case and assumed that the fracture surface evolves according to a power law
with exponent ␣ being constant during the injection period. Considering the opening-time distribution factor, he realized that within the power law assumption K Le depends only on the exponent ␣, i.e., K Le ϭg 0 (␣). By integration of the Carter leakoff model involving the power law surface growth, Nolte obtained the values g 0 (1/2)ϭ4/3 and g 0 (1)ϭ/2. A remarkable fact concerning the function is that its values at two extremely different exponents, namely at half and unity, do not differ significantly. Later Meyer and Hagel 4 showed that the g 0 function for any exponent can be obtained from
where ⌫ is the gamma function. Eq. ͑9͒ gives back the previously known values for the two shown cases, ␣ϭ1/2 and ␣ϭ1. Both the g 0 function or the Carter II equation can be used as a ''short cut'' to material balance in a design procedure and the corresponding results are nearly identical. When analyzing pressure falloff after a minifrac test, however, the power law assumption is more convenient to use.
Filter-cake-Reservoir Based Leakoff Model. The Mayerhofer, Economides and Ehlig-Economides 5 model describes the leakoff rate using two parameters which are physically more realistic than the spurt loss and the leakoff coefficient. The two parameters are: the filter-cake resistance at a reference time and the reservoir permeability. In addition, the reservoir pressure, the reservoir fluid viscosity, the porosity and total compressibility are assumed to be known. We define the excess pressure as total pressure drop from inside the fracture to a far point in the reservoir, where the initial pressure is still undisturbed. In the case when the pressure drop in the polymer invaded zone can be neglected, the excess pressure can be written as
where ⌬ p c is the pressure drop across the fracture face dominated by the filter cake and ⌬p r is the pressure drop in the reservoir. The sum is the total pressure drop, as shown in Fig. 3 . The filter-cake pressure term has been given by Mayerhofer et al. 6 as where R 0 is the characteristic resistance ͑pressure drop per linear velocity͒ of the filter cake, which is reached during a characteristic time t c ; R 1D is the ratio of the actual resistance to the characteristic resistance and represents time effects. Except for very early time, Mayerhofer, Economides and Ehlig-Economides found that R 1D is well described by
if taking the end of injection as characteristic time and using a common time scale starting from the start of pumping.
Pressure Drop in the Reservoir. The pressure drop in the reservoir can be tracked readily by employing a pressure transient model for injection into a porous medium from an infinite conductivity fracture. For this purpose, Mayerhofer, Economides and Ehlig-Economides take known solutions available in the petroleum engineering literature for a fixed length fracture. The only additional problem is that the fracture length is increasing duringfracture propagation, and hence for every time instant we have a different definition of the dimensionless time.
Once the issue of the definition of dimensionless time is resolved superposition is used to obtain the transient pressure drop in the reservoir
where index j refers to the jth time interval, r is the reservoir fluid viscosity, k is the reservoir permeability and the form of the dimensionless pressure function, p D , of the reservoir is assumed known. The factor 2 in front of the one-wing leakoff rate, q j , is necessary, because the dimensionless pressure function of a reservoir is defined with respect to the total flow rate into the reservoir.
Leakoff Rate from Combining the Resistances. Substituting the expressions for the filter cake and reservoir pressure drop we obtain
where, for convenience, we selected the end of pumping as the reference time for the filter-cake resistance. A simple rearrangement yields
Eq. ͑15͒ can be used both in a hydraulic fracture propagation and in a fracture closure model. It allows determination of the leakoff rate at time instant t n if the total pressure difference between the fracture and the reservoir is known, as well as the history of the leakoff process. In fact, it represents a pressure dependent description of the leakoff.
For nonfilter-cake building polymer fluids previously used extensively for frac&pack jobs, Fan and Economides 6 considered
where the first term refers to the pressure drop in the polymer invaded zone. In their model the non-Newtonian behavior of the invading fluid and the penetration of the fluid interface are important factors. The flow in the reservoir, however, is still linear.
Pressure Falloff Analysis
When injection is stopped, and ͑presumably͒ the fracture does not propagate further, but is still open, the pressure falloff in the well strongly follows the loss of width
where p c is the closure pressure and s f is the ͑constant͒ coefficient transforming width into net pressure called fracture stiffness ͑its reciprocal value is called compliance͒. For the basic geometries the fracture width at time ⌬t after the end of pumping is given by
where the two variable function was introduced by Nolte 3 who also calculated it for certain exponents. Later an analytical expression was derived ͑see Ref. 7͒ as
͑20͒
where the function F͓a,b;c;z͔ is the Hypergeometric function, available in the form of tables and computing algorithms. The physical meaning of the g function is similar to the meaning of the g 0 function: it gives the ratio of the leakoff volume to the quantity 2A e C L ͱt e , but now it is valid for all times greater than the end of pumping, while g 0 gave the ratio only at one time point, namely exactly at the end of pumping. The combination of Eqs. ͑17͒ and ͑19͒ yields
suggesting that the bottomhole pressure at the wellbore varies linearly with the ''transformed time'' ͑i.e., the g function value͒ according to
where the intercept of the straight line is
and the slope is
Only when the fracture finally closes will the pressure behavior depart from the linear trend. This expression is the basis of Nolte's pressure decline analysis. The technique requires the plot of the wellbore pressure versus the values of the g function. If the exponent ␣ varies for generating the g values, the resulting slope and intercept also varies. Fortunately, the choice of ␣ is not critical and suggested values are given in Table 2 .
The unknown leakoff coefficient can be revealed from the slope m N according to the relations shown in Table 2 .
As seen from Table 2 , for the PKN geometry the estimated leakoff coefficient depends only on quantities well accessible for the engineer. The injection time is known, the fracture height can often be surmised and the plane strain modulus can be assumed with some confidence. To obtain the leakoff coefficient for the other geometries, prior knowledge of the created fracture extent (x f or R f ͒ is inevitable.
The No-Spurt-Loss Assumption. A technique due to Shlyapobersky et al. 8 assumes that there is no spurt loss and uses the intercept b N to estimate the fracture extent. The resulting expressions are presented in Table 3 .
As a consequence of the assumption we obtain the lost width, w L , shown in Table 4 ͑together with the appropriate values of the g 0 function͒.
In view of the no-spurt-loss assumption the efficiency can be calculated from e ϭ1ϪA e w L /V i .
͑23͒
For instance, for the Radial geometry we obtain 
͑In some versions of the method instead of the intercept the closure time is used, but the underlying concept is the same. In general, a straight line has two parameters and it is a matter of taste whether to use the slope and intercept, or any other two values, for instance, the slope and the location of the crossing point of the straight line and the g axis.͒
Pressure Falloff Analysis with Filter Cake plus Reservoir
Based Leakoff Model. Here we present that version of the method of Mayerhofer, Economides and Ehlig-Economides 5 in which the dimensionless pressure function, p D , in the expression of the pressure drop at time t n is determined with respect to a dimensionless time taking into account the actual fracture length (x n ) at time t n and not at some other t j . ͑We note that other versions of the method may use other definitions of dimensionless time.
We use here what we think is reasonable.͒ For radial fracture x n is defined as permeable area divided by permeable thickness.
For the injection test interpretation the data are processed given as t n , p n pairs with nϾn e , where n e is the index of the first time point after shut in. As far as the dimensionless pressure function is considered, the early time approximation for an infinite conductivity fracture is used, and hence
The leakoff rates are given from linear elasticity
for jуn e ϩ2. Combining Eqs. ͑14͒, ͑25͒ and ͑26͒ we obtain for nϾn e ϩ2
During fracture propagation the leakoff rates, q j , for jϭ1,...,n e ϩ1 are not known exactly. To proceed further some kind of assumption is needed. For our purposes the key assumption is that the first n e ϩ1 leakoff rates can be considered equal: q j ϭq app , for jϭ1,...,n e ϩ1. In fact it is more convenient to work not with the average leakoff rate but with the apparent leakoff width w L . The apparent leakoff width can be estimated from the NolteShlyapobersky method as shown in Table 4 .
The application of the method of Mayerhofer, Economides and Ehlig-Economides is as follows: We define the dimensionless quantities x n ϭx 1,n ϩx 2,n and y n in terms of observed variables ͑time and pressure.͒ The following time points are considered: t ne ,t neϩ1 ,...t n , ... where the index ne refers to the end of pumping, i.e., t ne ϭt e . For these points the first difference quotient of the pressure, d n is constructed according to
and then the x variables are calculated according to
The dependent variable, y, is calculated as
where p r is the reservoir pressure. The specific values of the coefficients c 1 and c 2 are given in Table 5 . Once the x and y coordinates are known, the points are plotted in Cartesian coordinate system. As a consequence of the assumptions of the method of Mayerhofer, Economides and Ehlig-Economides, the points should line on a straight line
where the x and y values can be constructed from observed variables. A straight line determined from the Mayerhofer plot results in the estimate of the two parameters: b M and m M . Those parameters are then interpreted in terms of the reservoir permeability and the reference filter-cake resistance. In addition to V i , t e , EЈ, p c and the falloff curve, the following additional information is needed: the porosity and total compressibility of the reservoir, the viscosity of the reservoir fluid and the average reservoir pressure. In addition, the estimate of the lost 
width, w L ͑and for the KGD and radial geometries also the estimate of the fracture extent͒ is a necessary prerequisite. The technique of Mayerhofer, Economides and EhligEconomides ͑as presented here͒ is a second order method in the sense that it involves the second derivative of pressure. It can differentiate between the two major factors of the leakoff process: the filter-cake and the reservoir permeability. The method is, however, sensitive to deviations from its assumptions. There is no guarantee, however, that the straight line fit always yields a positive intercept. In the case of a negative intercept, we suggest that the straight line should be fitted with zero intercept. In such a case the method is not able to differentiate between the two major players and attributes all the resistance to the reservoir permeability. The obtained value is still a reasonable estimate, and can be considered as the upper limit to the permeability.
Deviation from Linear Leakoff
The original idea of Carter was to simplify the description assuming, that ''flow of fracturing fluid into the formation from the fracture is linear and the direction of flow is perpendicular to the fracture face'' and ''the velocity function u(t) is the same from every point in the formation, but zero time for a given point is defined individually as the time at which the fracturing fluid reaches that point.'' The consequences: the square root time form of the leakoff velocity and its pressure independence are of limited validity.
While Eq. ͑13͒ is quite general and eliminates the insensitivity of the leakoff to the actual pressure in the fracture, the use of known solutions for fixed length 9 and the early time approximation as of Eq. ͑23͒ limits the generality of the method of Mayerhofer, Economides and Ehlig-Economides. In fact, the square root-type relationship still remains in the heart of both the methods of Mayerhofer, Economides and Ehlig-Economides 6 and Fan and Economides. 6 In this work we demonstrate the inadequacy of the linear leakoff description for high permeability fracturing and suggest a more appropriate model. Our method is based on the variable-flux solution of a fractured well in an infinite reservoir as presented by Raghavan. 10 We divide the total fracture length into 2n ͑in our case 10͒ equal intervals as shown in Fig. 4 . If fluid leaks off from fracture with known flux distribution, the Laplace transform of the dimensionless pressure at the middle of the jth interval is given by
where
Here K 0 is the modified Bessel function of the first kind of order zero, s is the Laplace variable with respect to the dimensionless time
corresponding to the final fracture half length. ͑It should not be confused with another dimensionless time based on the time of injection, denoted by t 1D .͒ The F i (s) function is the Laplace transform of the leakoff flux from the ith interval. For clarity we use only five intervals as shown in Fig. 4 .
This function should reflect that up to its opening ͑i.e., to time t Di ͒ there is no leakoff from element i and hence, the first shifting theorem ͑Doetsch 11 ͒ has to be applied. Using the appropriate constant resulting in unit dimensionless pressure drop in a linear reservoir ͑reservoir fluid compressibility controlled leakoff͒, the Carter leakoff model yields
Eq. ͑36͒ is substituted into Eq. ͑34͒ and numerically inverted by the Stehfest algorithm. 12 As a result we obtain the evolution of the pressure at various locations in the fracture. For the ith location the dimensionless pressure should be unity after time t Di . If the calculated pressure deviates from unity, it means that the presumed leakoff law is not correct. Resulting Excess Pressure in the Fracture Calculated from Linear Leakoff. To be more specific, we have to specify the duration of the fracture propagation and the length evolution law. We will distinguish three cases ͑1͒ when the fracture is created fast compared to the unit dimensionless time of the reservoir, ͑2͒ when the fracture is created during one dimensionless time and ͑3͒ when the fracture propagation takes a long time. For simplicity in all cases we will assume that the propagation process obeys Nolte's power law assumption with exponent half, i.e., the dimensionless opening times are given by Figs. 5-7 show the calculated dimensionless pressure at the first (iϭ1), middle (iϭ3) and last (iϭ5) knots. In all cases we show only a limited time interval equal to twice the injection time. For fast propagation ͑Fig. 5͒ the Carter leakoff law corresponds to a dimensionless pressure near to unity, at least for iϭ1 and 3. Also, it is well seen, how the pressure increases gradually before the opening time of the given location. After opening, however, the pressure is not constant and drops significantly at the end element (iϭ5), showing that the Carter model calculates less than necessary leakoff, especially near the fracture tip. These deviations are more significant as the injection time becomes commensurable, or even larger, than the unit dimensionless time of the reservoir ͑see Figs. 6 and 7͒. In high-permeability fracturing the response time of the reservoir is lower than in tight formations, therefore larger dimensionless propagation times are typical.
The reason for the deviation is that the reservoir is radial, but the Carter leakoff law neglects the infinitely large part of the reservoir which cannot be reached with a perpendicular line from the fracture surface. The use of the early time approximation, i.e., Eq. ͑25͒, in the presented version of the method of Mayerhofer, Economides and Ehlig-Economides implies basically the same limitation.
Radial Leakoff Law. Our algorithm to check the validity of the Carter leakoff can be used to obtain a more realistic leakoff law. For this purpose we assume that the leakoff flux in the Laplace space is of the form
Eq. ͑38͒ reproduces the Carter leakoff with a i ϭ1 and b i ϭ0 but it represents a time-dependent modification to it with b i and c i not to equal zero. We search for the coefficients a i , b i , and c i assuring the best ͑in the least squares sense͒ approximation to the unit dimensionless excess pressure. The search involves the numerical inversion of the Laplace transform. The resulting functions are shown in Table 6 . Figs. 8-10 show the excess pressures at the various locations. Though the match can be further improved by increasing the number of elements, this is not necessary because what we are really concerned about is the integral of the leakoff flux, i.e., the overall leakoff rate from the fracture. It can be calculated by inverting the Laplace transform
Figs. 11 and 12 show the fluid loss from the Carter leakoff rate and the leakoff rate corresponding to Eqs. ͑38͒ and ͑39͒ which we will call ''radial leakoff'' in order to distinguish from the linear leakoff.
Radial leakoff is always more than linear leakoff, the deviation is increasing with longer fracture propagation times. The charac- teristic shape of the leakoff volume as a function of time deviates from the typical g-function character. In fact, the calculated leakoff volume increases nearly linearly with time.
If the pressure drop through the filter cake is significant, it should be represented as a skin effect, i.e., a value proportional to the leakoff rate with the proportionality constant being the filtercake resistance.
Radial Leakoff with Filter-cake Resistance. When the filtercake resistance is not negligible, but still can be considered constant ͑which might be quite a realistic assumption for shear-rate limited filter-cake buildup as discussed by Vitthal and McGowen 13 ͒ Eqs. ͑33͒ and ͑34͒ need to be replaced by
and the least squares fit has to be repeated. The quantity R D0 is the dimensionless filter-cake resistance, obtained by the same transformation as pressure and flow rate are converted into dimensionless quantities. It is assumed to be the property of the fluid only, which can be measured in the laboratory at a representative shear rate. ͑In the most general case, when the filter-cake resistance evolves with time, complex convolution has to be applied, see, e.g., Doetsch. 11 In this work we do not consider the general case.͒ Shown in Table 7 are the resulting leakoff laws, corresponding to medium speed fracture propagation (t De ϭ1) and various dimensionless filter-cake resistance values. Fig. 13 shows a comparison of various leakoff laws at medium fracture propagation velocity without and with filter-cake resistance.
Is the constant-pressure leakoff law realistic? It seems that in high-permeability fracturing during fracture propagation the bottomhole treating pressure is often constant with good approximation. The wellbore pressure we observe during closure is, of course, decreasing, but while the fracture is still open the reservoir component of the total pressure drop can be considered constant, as far as the asymptotic reservoir pressure is significantly less than the instantaneous shut-in pressure.
Pressure Falloff After Closure
Once the fracture is closed, the linear elastic properties of the formation do not affect further the pressure falloff and a classical reservoir engineering situation emerges: the dissipation of a pressure disturbance caused by a known volume of injected volume.
In this period there is no more leakoff from the fracture and the reservoir remembers the actual geometric distribution of the leak- off history less and less. Therefore, the wellbore pressure can be calculated, assuming an equivalent wellbore radius r w ϭx f /2 and applying the radial leakoff law.
Since the leakoff into the reservoir stops when the fracture faces close, i.e., at dimensionless time t De ϩt Dc , the leakoff law ͑in the time domain͒ should be multiplied by the square function. The corresponding operation in the Laplace space is the complex convolution ͑see Doetsch 11 ͒. The Laplace transform of the leakoff rate taking into account fracture closure is given by
where 0 is a constant assuring convergence of the improper integral, i is the imaginary unit and F(s) is the radial leakoff law determined previously. It is possible to calculate the convex convolution integral ͓Eq. ͑41͔͒ numerically and to use it to obtain the Laplace transform of the wellbore pressure
ͱs ͬ .
͑43͒
Eq. ͑42͒ is inverted by the Stehfest algorithm. The calculated pressure behavior is shown in Cartesian coordinates in Fig. 14 . The ''delta time,'' ⌬t 1D is the time elapsed from the end of pumping. If it is normalized in practical application, then it is divided by the injection time, because the real characteristic response time of the reservoir is not known. For simplicity we show only the medium velocity propagation case, when the two ways of normalization give the same dimensionless value. The parameter shown on the curves is the normalized closure time. These curves are defined only after closure. Their starting value is a dimensionless pressure which is less than unity ͑approximately 0.8 for R 0D ϭ0.5͒ because after closure there is no flow through the filter cake and the pressure drop through the filter cake was a significant constituent ͑approximately 0.2͒ before the closure.
Often the pseudo Horner time is used to represent closure data. The t H1 time is defined with respect to the injection time, which is less then the actual time of flow into the reservoir
Our calculated results are plotted against the pseudo Horner time, t H1 , in Fig. 15 . Fig. 15 shows that the pseudo Horner time plot gives the correct initial reservoir pressure if extrapolated to t H1 ϭ1, ͑i.e., zero dimensionless pressure͒ but only late time points can be used, especially if the normalized closure time is large. Unfortunately, the slope of this pseudo Horner plot cannot be used directly to estimate permeability.
For practical purposes a much faster approximation seems to be sufficient. Eq. ͑43͒ can be replaced by
͑45͒
where the average leakoff rate, q D , is the leakoff volume at the closure time ͑shown in Fig. 13͒ divided by the (injection ϩclosure) time. In other words, from the point of view of the subsequent dissipation of the pressure disturbance a simple square function is enough to represent the leakoff rate. Table 8 presents reservoir, well and treatment information for a calibration ͑minifrac͒ test executed in a high-permeability, soft formation.
Example Application
The observed pressure and its time derivative are shown in Fig. 16 .
Knowing the closure time we calculate the Horner time with respect to the total time of flow into the reservoir:
and using the Horner plot ͑Fig. 17͒ determine the asymptotic value of the gauge pressure, p i . Note that the small deviation from the general trend at ''late time'' is attributed to unknown causes and are neglected. All graphically derived parameters are shown in Table 9 .
Nolte-Shlyapobersky Analysis. The pressure points between t e and t e ϩt c are plotted versus the g-function values, g(⌬t 1D ,8/9) as shown in Fig. 18 . The intercept of the straight line (b N ϭ1.556ϫ10 7 Pa) is interpreted according to Table 6 ͒. The ratio of permeable to total area is calculated according to Fig. 2 as r Fig. 19 .
The points on the plot of Mayerhofer, Economides and Ehlig-Economides 5 do not fall onto a straight line. This is the result of the discrepancy already seen from Fig. 16 ͑a change of sign in the second derivative of the pressure during closure͒, but because of the second order character the discrepancy is magnified. Considering the first half of the points as ''representative,'' a straight line is fitted. The slope and intercept are interpreted as k ϭ2.6ϫ10 Ϫ11 m 2 ͑26 darcy͒ and R 0 ϭ1.45ϫ10 10 Pa/͑m/s͒ ͓1.07 ϫ10 4 psi/͑ft/min͔͒. Since these values were calculated with respect to the total fracture surface, the permeability should be divided by r p ͑0.45͒ and the resistance multiplied if we wish to report them with respect to the permeable layer only.
Interpretation Using the Concept of Radial Flow. The analysis we present here starts with normalizing the bottomhole pressure by substracting the asymptotic value and dividing by the difference at the p ISI
The time is normalized dividing by the injection time. The normalized curve is shown in Fig. 20 . The idea behind this normal- ization is that the difference of p ISI and asymptotic pressure represents the best approximation to the total pressure drop from the fracture to the far point of the reservoir, considered constant during the injection and closure. First we consider the part of the normalized falloff curve after closure and attempt to reproduce it selecting a ratio of injection time to self-response time of the reservoir, in other words t eD . In all cases we use the ratio of the closure time to the injection time as determined previously ͑t c1D ϭ0.29͒. By and large the selection of the ratio t eD determines the slope of the generated falloff curve as shown in Fig. 21 . The curve can be shifted up or down by selecting an appropriate dimensionless resistance value, R 0D .
In this work the appropriate dimensionless injection time and resistance is selected by trial and error. For the data presented the accepted values are: t eD ϭ2 and R 0D ϭ1.5. Fig. 21 illustrates the sensitivity of the match to the selection of the two parameters. From the radial leakoff law the dimensionless volume flowing into the reservoir during t D ϭt eD ϫ(1ϩt c1D )ϭ2ϫ(1ϩ0.29) ϭ2.48 dimensionless time is V D ϭ1.296, resulting in an average dimensionless leakoff rate q D ϭ0.503.
To interpret these numbers we use the reservoir properties. According to the definition of dimensionless time
Since the above relation should result t D ϭ2 at 5.9 min, we obtain that x f 2 ϭ͑9.76ϫ10 14 ͒k.
A second condition is obtained from the definition of the dimensionless flow rate
Since the determined q D ϭ0.503 corresponds to the average flow leaving one wing i.e., q ave ϭ(2500 gal/2)/(5.9 minϩ1.7 min), therefore
Using the relation between x f and k we obtain ͑More rigorously, the efficiency can be calculated using the radial leakoff law. Since, however, the calculated volume varies almost linearly with time, the above approximation is quite satisfactory.͒ Interestingly, the estimated fluid efficiency is almost identical to the value obtained from the Nolte-Shlyapobersky method.
Knowing the estimate of the fracture radius and the fluid efficiency, the average width is obtained from the injected volume as 0.00818 m ͑0.34 in.͒. Note that we do not need the elastic properties ͑plain strain modulus͒ to obtain the fracture extent, permeability of the formation or even the average width of the fracture. The reason is that the procedure outlined does not analyze the pressure falloff during the closure of the fracture, rather it concen- trates on the dissipation of the pressure disturbance after the closure, which is independent of the elastic behavior of the formation.
Discussion and Conclusions
The large discrepancy in calculated leakoff volumes ͑in the case of radial versus linear leakoff͒ does not mean that the bulk leakoff coefficient approach gives unreasonable results. Since the same error is made during the minifrac analysis and the design, the calculated leakoff volumes might be quite realistic using the square root of time law for leakoff and the observed leakoff coefficient. If, however, the pressure falloff data are to be interpreted in reservoir engineering terms, the simple leakoff coefficient may be misleading. The method of Mayerhofer, Economides and Ehlig-Economides 5 partly resolves the problem by decomposing the overall leakoff resistance into its constituents (filter cakeϩreservoir), but still approximates the reservoir part by the linear flow concept. Also its ''second order'' character makes it rather sensitive to deviations from its assumptions. In addition, a change in the sign of the second derivative of the pressure during the closure process cannot be interpreted in the framework of the model and hence some preliminary smoothing of the data is necessary. The radial leakoff law as presented here is physically more sound than the previous approaches. It predicts more leakoff than the linear leakoff law and shows an almost linear variation of leakoff volume with time, in contrast to the square-root-type or ͑g-function type͒ character resulting from the linear leakoff description. The application of the radial leakoff law is, however, not as trivial as that of the bulk leakoff coefficient. In this work we presented an intuitive but not totally rigorous procedure to interpret a calibration ͑minifrac͒ test in terms of radial leakoff. Using data from a minifrac treatment we compared the various approaches. We showed that the radial leakoff law can be used to interpret the dissipation of the pressure disturbance after the closure of the fracture. It is possible to obtain the estimate of the formation permeability from this portion of the pressure falloff curve and also the resistance of the filter cake. The suggested approach to minifrac analysis does not require the knowledge of the elasticity modulus ͑which seems to be a rather uncertain piece of information for soft formations͒, nevertheless it still provides the estimate of the created fracture radius, fluid efficiency and even average width, in addition to the main results, that is reservoir permeability and filter-cake resistance. 
